We demonstrate both analytically and experimentally that second-order nonlinear interaction in a uniaxial crystal produces a holographic replica of one of the incident fields. In particular, we consider differencefrequency generation and directly calculate the field transformation that is produced by the nonlinear interaction for some simple but nontrivial two-dimensional objects, such as a long wire, a circular hole, and a regular net. Finally we show experimental results for such objects that validate the theoretical calculations.
INTRODUCTION
The first theoretical discussion of image processing through second-order nonlinear interaction dates back to Firester, [1] [2] [3] who recognized the analogy with conventional holography. It was some years ago that his holographic approach was rediscovered and used to interpret the outputs of three-wave mixing interactions in second-order nonlinear crystals. [4] [5] [6] [7] [8] [9] [10] [11] In fact, even though since the beginning of their history second-order nonlinear optical processes have been used to implement image processing in several experimental configurations, [1] [2] [3] [12] [13] [14] [15] [16] [17] [18] [19] [20] the holographic properties of these processes were mentioned only in relation to optical phase conjugation at degeneracy. Moreover, most experiments were both performed and modeled in simplified conditions, that is, at frequency degeneracy and for collinearly propagating fields. Our approach is based on a noncollinear, fully vectorial description of all types of second-order nonlinear interaction [i.e., sum-frequency generation (SFG) and differencefrequency generation (DFG) ] that occur in a crystal among fields at different frequencies. We analyze all the possible choices of initial conditions, including downconversion of a high-frequency image interacting with a lowfrequency pump-beam, which was not reported before. In fact, this process is the reverse process of SFG and can be used to obtain closed loops in all-optical information processing. 8, 9 Previously the holographic properties of SFG in pointlike, 4, 5 one-dimensional, 5 two-dimensional, 5, 6, 8, 9 (2-D), and three-dimensional objects 7 and the properties of DFG 10, 11 were demonstrated. In this paper we analyze, both analytically and experimentally, the scaling properties of the holographic images obtained by means of any three-wave mixing interaction in type I phase matching and in frequency nondegenerate conditions in wave fronts diffracted by 2-D objects of simple geometrical shapes, for which the analytical calculations of the transformations introduced by the interaction can be performed.
GENERAL THEORY
With reference to the theoretical description developed in Refs. 10 and 11 we consider the interaction among three amplitude-modulated plane waves, E 1 (r, t) and E 2 (r, t), ordinarily polarized and transverse, and E 3 (r, t), extraordinarily polarized and nontransverse, in a (2) nonlinear uniaxial crystal. In what follows, the waves propagate inside the ␤-BaBO 3 (BBO) crystal in the ( y, z) plane at angles 1 , 2 , and 3 to the direction, z, that is perpendicular to the crystal's entrance face (Fig. 1) . The fields that interact at position r ϵ (x, y, z) in any plane at fixed x (in what follows, x is omitted for simplicity) can be written as follows:
where 0 is the vacuum impedance and a j (r) are the complex envelopes of the interacting fields with wave vectors k j ϭ n j j /c and frequencies 1 , 2 , and 3 (n j are the corresponding indices of refraction). For frequencies that satisfy energy conservation ( 3 ϭ 2 ϩ 1 ), the interaction is described by the following set of equations (see the appendix of Ref. 10):
where the (real) coupling constants g ϩ and g Ϫ are
in which d 22 and d 31 are the relevant elements of the (2) tensor for a BBO crystal in type I phase matching 21 and
are the momentum mismatch components along the z and the y directions, respectively. System (2) can be solved analytically when one of the interacting fields can be considered nondepleted during the interaction, i.e., either for a 1 
The complete solutions for the two varying field amplitudes in a condition of perfect phase matching (⌬k ʈ ϭ ⌬k Ќ ϭ 0) are the following.
Case (a), nondepleted field a 1 ( y, z) ϭ a 1 (0, 0): where input field a 3 (0, 0) is transverse and a 3 ( y, z) is the amplitude of nontransverse field
where constant pump field a 3 is transverse and
Inasmuch as the production of holographic images of extended objects by SFG has already been demonstrated, 5,7-9 here we focus our attention on DFG of holograms of 2-D objects. For this reason we shall consider only two sets of initial conditions of a possible six, namely, the two that correspond to the DFG processes in which the holographic field is at 2 . We obtain the expressions for the amplitudes of the generated fields in the selected situations by specializing the general solutions in Eqs. (5) and (6) . If we define a j ( y, z) ϭ ͉a j ( y, z)͉ ϫ exp͓i⌳ j ( y, z)͔, we get the following:
Case (a), a 1 ( y, z) ϭ a 1 (0, 0) (reference field), a 2 (0, 0) ϭ 0 (holographic field), and a 3 (0, 0) 0 (object field):
By using the definition in Eq. (1) we derive the expression for the generated field:
Case (b), a 1 (0, 0) 0 (object field), a 2 (0, 0) ϭ 0 (holographic field) and a 3 ( y, z) ϭ a 3 (0, 0) (reference field):
and for the generated field
From the expressions in Eqs. (8) and (10) we can see that the amplitude of the holographic field, a 2 ( y, z), at any position inside the crystal is directly proportional to the amplitude of the object field, a 3 (0, 0) in case (a) or a 1 (0, 0) in case (b), at the entrance of the crystal through a complex function of position r. This means that field E 2 (r, t) generated at the difference frequency indeed reconstructs a holographic image. 4, 5, 22, 23 The main difference between the two cases is the relation between the phases of the object field and of its generated holographic field. In fact, if we consider the spatial phases j (r) of the fields, defined such that E j (r, t) ϭ E j (r, 0)exp͕i͓ j (r) ϩ j t͔͖, we find that, in general, the phase of the holographic field can be written as
but the meanings of the expression are different in the two cases. In case (a) the holographic field phase, 2 , has the same sign as the initial phase of the object field, ⌳ 3 (0, 0), and thus the holographic image that is generated is virtual if the object is real (or vice versa). In case (b) the sign of the holographic field's phase, 2 , is opposite that of the object field, ⌳ 1 (0, 0), and thus the holographic image that is generated retains the same nature of the object: real if the object is real and virtual if the object is virtual. This difference sets the experimental conditions for the image reconstruction.
APPLICATION OF THEORY
We now apply the general results of Section 2 to some experimental situations for which it is possible to carry out analytical calculations to demonstrate the geometrical properties of the holographic images obtained. The experimental situations that we consider are depicted in 
where k is the wave vector of the propagating field. In our experimental situations we consider Fraunhofer diffraction of the following objects:
(1) A long wire (w; thickness, d) aligned with the x O axis in Fig. 3 (see also Fig. 4, top) . According to Babinet's principle, the field diffracted by the wire can be derived from that of the infinite slit as
(2) A circular hole (h; radius, R) centered at the origin of the object plane (see Fig. 5 , top):
where J 1 is the first-order Bessel function. See text for details. Fig. 3 . Propagation geometry for the field diffracted by the object and for the holographic field generated by the nonlinear crystal whose entrance face is located at the Fraunhofer diffraction plane.
( Fig. 6 , middle). If we assume that only M wires and N holes are illuminated during the experiments, we get
As we shall see, the properties related to the positions of the diffracting objects can be derived from the expressions for the phases of the diffracted fields, whereas the transverse scaling properties are contained in the expressions of the absolute values of the diffracted fields. For this reason, because the analytical expressions for both phases and field amplitudes are almost the same in all three situations under investigation, we will work out explicitly only one calculation of the transformations imposed by the nonlinear interaction on the object fields. Furthermore, the required calculations for both cases (a) and (b) are similar, and we thus examine just one of them in detail, namely, case (b) with the round hole as the object. Then the object field is at frequency 1 , the nondepleted reference field at 3 , and the holographic field at 2 , and we take a 1 (x F , y F , z F ) ϵ U h (x F , y F , z F ) as the initial condition in the plane (x F , y F , z F ). For simplicity we assume that the reference beam propagates along the z axis (see Fig. 3 ) and that the crystal is infinitely extended along x and y. If the exit face of the crystal coincides with plane (x out , y out , z out ) in Fig. 3 , by using Eq. (11) we can write the holographic field on the output face of the crystal as
If we observe the field along its propagation direction, that is, for
where L is the crystal depth, we get where, according to Eq. (15),
in which we have assumed that the angular divergence of the diffraction pattern is small enough to permit the approximations (see Fig. 3 where we have defined
Apart from the factor cos 2 , which accounts for the increase in pathway inside the crystal, expression (20) can be interpreted as the diffraction pattern of a hole with radius R located at Ϫz H and illuminated by a plane wave at 2 . We can thus conclude that the difference-frequency process in case (b) produces a real holographic image (it is located on the other side of the crystal with respect to the object plane) that has the same transversal size as the object but located at a distance that scales as the ratio between the wave vectors of holographic and object fields [Eq. (21)].
If we consider the field transformation imposed by case (a), we can follow a procedure that is similar to the one developed for case (b) by supposing that the reference beam (at 1 ) propagates along the z axis orthogonally to the crystal face ( 1 ϭ 0), such that the phase-matching conditions become k 3 sin 3 ϭ k 2 sin 2 and k 3 sin ␤ 3 ϭ k 2 sin ␤ 2 . The resultant holographic field at 2 can be written as (22) where
Expression (22) can be interpreted as the diffraction pattern of a hole with radius R located at z H and illuminated by a plane wave at 2 . We can thus conclude that DFG in case (a) produces a virtual holographic image that has the same transversal size as the object but is located at a distance from the object that scales as the ratio between the wave vectors of the holographic and the object fields [Eq. (23)].
EXPERIMENTS
For experimental verification of the properties discussed in Section 3 we used the fundamental ( 1 ϭ 1064 nm) and tripled ( 3 ϭ 355 nm) outputs of a Q-switched amplified Nd:YAG laser (7-ns pulse duration; Model QuantaRay GCR-3-10, Spectra-Physics, Inc., Mountain View, Calif.), which were sent to a prism to be spatially separated at an angle. Then each of the two beams was space filtered and collimated to a diameter that was suitable for illuminating the three objects. The BBO crystal used in each experiment was cut for type I interaction (cut angle, 22.8°; cross section, 5 mm ϫ 5 mm; 2-mm thickness; Fujian Castech Crystals, Inc., Fuzhou, China). A CCD camera (Model PE2015, Pulnix Europe, Basingstoke, UK) was used to detect all the holographic images reconstructed at 2 ϭ 532 nm. The CCD was always operated at its maximum resolution (pixel dimensions, 8.6 m ϫ 8.3 m) except for the wire, for which we used the lowresolution acquisition mode (pixel dimensions, 34.4 m ϫ 33.2 m). In what follows, we show only the images taken on focus on the CCD plane, but for each experimental situation we also moved the CCD closer to and farther from the BBO to detect out-of-focus images (which we do not show), a procedure that ensures that the detected images are really holographic in nature. 5 Typical energies of the pulses used in the experiments were tens of millijoules for the pulses at the fundamental frequency and a few millijoules for those at the third harmonics. We obtained holograms experimentally by DFG of the three kinds of object mentioned above, namely, a long wire, a circular hole, and a regular net, for both cases (a) and (b), but for conciseness we present here the results for the wire in case (a), for the circular hole in case (b), and for the net in both cases. The experimental setups are sketched in Fig. 2 . To compare the holographic images with the objects directly, we took images of the objects with a microscope (Model QX3, Intel Play, Santa Clara, Calif.) equipped with a digital camera (pixel dimensions, approximately 1.83 m ϫ 1.83 m at 200ϫ magnification and 6.1 m ϫ 6.1 m at 60ϫ magnification). To obtain a 1:1 real holographic image on the plane of the CCD sensor we inserted a lens (focal length, f ϭ 500 mm) a distance l ϭ 3.3 cm from the BBO crystal and at x ϭ 100 cm from CCD camera (Fig. 2, top) , such that d O Ј ϩ l ϭ x. As shown by Fig. 4 , the wire has the same transversal dimension in the holographic image as in the microscopic image, namely, d exp Ӎ (309 Ϯ 34) m, to be compared with d Ӎ (305 Ϯ 6) m. 2 Ӎ 9 cm, the Fraunhofer limit͖, the virtual holographic image was expected at d O Ј Ӎ 54 cm, and thus we obtained the real 1:1 holographic image on the CCD plane by inserting a lens (focal length, f ϭ 400 mm) at a distance l ϭ 26 cm from the BBO crystal and at x ϭ 80 cm from the CCD camera (Fig. 2, top) . Finally, in Fig. 6 , bottom, is shown the holographic image of the net obtained in case (b). In this case the object was
2 Ӎ 3 cm͖ from the BBO crystal, and the real holographic image was found at the expected position, d O Ј Ӎ 80 cm (Fig. 2, bot We have already shown that the achievable resolution of our system for SFG was enough to enable us to reconstruct the image of a net made from d ϳ 40 m wires spaced by squares of dimensions l:l::40 m ϫ 40 m. 9 We now want to demonstrate that the process described for case (a), which can be considered the reverse of SFG, is able to produce a holographic image endowed with the same resolution. To this purpose, we used the same net as described in Ref. 9 , and, according to Fig. 2 , top, we located the net at d O ϭ 48 cm from the BBO ͕d O ӷ (k 3 /2)͓(d ϩ l)/2͔ 2 Ӎ 1.5 cm, the Fraunhofer limit͖. The virtual holographic image, which was expected at d O Ј Ӎ 32 cm, was imaged with 1:1 magnification on the plane of the CCD sensor. We thus inserted a lens (focal length, f ϭ 250 mm) a distance l ϭ 18 cm from the BBO crystal and at x ϭ 50 cm from the CCD camera. Figure 7 shows the holographic image of the net obtained on focus on the CCD sensor. Unfortunately the portion of net illuminated during the experiment was not perfectly flat, and the holographic image reproduces this distortion. Nevertheless, Fig. 7 shows that the image has the same transversal dimensions as the original object and the same resolution as the image described in Ref. 9 . We have already demonstrated the feasibility of obtaining parallel logical gates by SFG, 8, 9 so we can now suggest that downconversion in case (a) can be used to implement an alloptical looping circuit, made by two nonlinear processes in cascade (a sum frequency and a difference frequency sharing the same reference field) without loss of resolution.
CONCLUSIONS
In conclusion, in all experiments we found the holographic images at the expected locations and, as can be seen from Figs. 4-7, with transversal dimensions that almost perfectly match those of the real objects down to 40 m. As a final remark, we note that the results for case (b) are better in quality than those for case (a), because the holographic image is real and hence there is no need for any optical element to image it. Scheme (b) is thus more suitable for applications, among which we mention optical phase conjugation, 10, 19, 24, 25 that can be used for recovering wave fronts from aberrations. 20, 26, 27 
